Th e IJrobl e m of wav e propagali on in a s impl e viscoelas ti c s trin g s ubj ecte d to co ns ta nt ve loci l y tra ns ve rse impac t is reexa min e d . An error in a n ea rli e r solution by S mith (J. Res. NBS 70B, 257 (1966)) is co rrected a nd a n alte rn a te num eri ca l sc heme based o n th e me th od of c haracle ri s ti cs bUI us in g an impli c it for mul ati on of finil e·diffe rence e quations is prese nted. Th e co ns titutive equ ati on use d is Ih at of a lin ear viscoe last ic mode l co ns is lin g of a s prin g a nd Maxwe ll e1emenl in para ll e l. Re· s uit s of a n illu s trative calcu lati on are di sc ussed.
Introduction
The theore ti cal proble m of wave propagation in a uniform strin g s ubj ec ted to obliqu e impac t is well unde rs tood if o ne assumes a d yna mi c stress-s train relati on T = T(E) for th e ma terial , where T de notes th e te nsile force acting along th e s trin g, E , th e Lagrangian strain , and the re is no explicit de p e nde nce of T on the ra te of strain.
Several types of math e mati cal co mpli cation ca n e nter into thi s th eo ry. Th e firs t type is due to th e nlJnlin earity of the fun c tion T (E) . Th e th eor y predi c ts th a t:
(a) if the c urve T (E) is concave towards the E axis, s train s of in c reasin g magnitud e are propagate d with decreas ing velocity c giv e n by c=v 1 dT m dE (1) wh e re m de notes th e mas s of the s tring per unit of un strained le ngth , and (b) if the c urv e T(E ) co ntains a portion that is concave towards the T axi s the strain distributi o n is di sco ntinuous, co ntaining a strong shock, or group of strains propagating at the sam e velocity.
Another type of co mpli cati on arises wh e n the string is allowed to und ergo arbitrary spac ial motion . Even thoug h th e th eory is res tri c ted to one-dimensional strain , the veloc ity at every point of th e strin g is a three-dim e ns ional vector whi c h can be resolved into tan gential and normal co mpon e nts represe nting longitudinal and tran s verse motions respec tively. De pe ndin g on th e initial shape of th e s tring and the boundary co nditi o ns, the two wave motions may be co upled in the sense that no simple wave solution for each motion can be found. Two characteristic velocities are involved: different values of strain in the longitudinal wave are propagated at velocity c given by (1) , and changes in configuration of the string are propagated at different values of the velocity P given by P=v1 T . m1+e (2) For a detailed discussion of this rate-independent theory as applied to strin g motion , see Cristescu [1, 2) . 2 The co mpli cation in the coupling of the two motions is avoided when one considers an infinitely long s trin g, initially straight and subjected to a constant·velocity transverse impact. Simple wave solutions were reported by Smith, McCrackin, and Schiefer [3] , and were rece ntly given in another form by Schultz, Tuschak, and Vicario [4] . Attempts to interpret the results of transverse impact experiments on materials such as nylon and polyester yarns, and strips of natural rubber , based on the rate-independent theory, however, were not completely satisfactory. In particular, two basic predictions of the theory were not verified:
(a) The quasistatic and dynamic stress-strain curves of the nylon and polyester samples tested by Petterson and Stewart [5, 6] and by Smith, Fenstermaker, and Shouse [7] , have portions concave towards the tension axis, implying that strong shocks should exist in the strain distribu· tions. Neither group noted the presence of any strong discontinuities in their experimental data.
(b) For each impact velocity, the theory yields a unique relation between the strain and the longitudinal wave velocity c(e). It is an inherent feature of the rate-independent theory that this unique relation is valid for all impact velocities. Experimental data failed to support this assertion after appropriate consideration was given to measurement uncertainties. For additional discussion , see Smith and Fenstermaker [8] .
In order to gain insight for interpreting these effects it is useful to study the behavior under impact conditions of a si mple linear viscoelastic model, such as one consisting of a spring in parallel with a Maxwell element. 3 This model has already been used by Morrison [9] and Smith [10] to study wave propagation in filaments impacted longitudinally. By analogy with results obtained in these theoretical studies, the effects of viscoelasticity on experimentally obtained strain, tension , and particle velocity distributions are better understood. By extending the use of this model to the transverse -impact problem, further enlightenment will result. In a viscoelastic string it is not possible to uncouple the mutual influence of the two types of wave as was done in the rateindependent theory under some restrictive assumptions. Thus one must study theoretically such additional effects of viscoelasticity as changes in the transverse wave profile, changes in the trans· verse wave propagation velocity, and secondary changes in the strain, tension, and particle velocity distributions.
A detailed analysis of s uch a problem with a proposed numerical scheme suitable for the calculation of stro ng discontinuities was published by Smith [11] . Since publication several errors have bee n found with the conseq uence that the proposed numerical scheme is not valid, although th e basic formulation of the problem and the mathemati cal method of solution remain applicable. In this paper th ese errors are corrected and the numerical scheme revised. In addition the proble m is dis c ussed from a differe nt viewpoint and an alternate numeri cal scheme presented. Illustrative numerical calculations are also given.
:! Figures in brac ket s indi c at e th e lit e rature references at the e nd of thi s paper. :1 It s hou ld be noted that for thre e-dimen s ion al problems th e re are objec tions lu th e use of con s lillJliv e eq uat iun s c haracteriz in g th e be hav i!lr of s pring an d da sh pot models. Unle ss properl y formulat ed. s uc h equations . containing lim e de ri va ti ves of th e s tress a nd stra in. violate the so-call ed "principle 4) [ rnatt:r ial indi ffere nce" as state d by Truesdell and Toupin 112] . Hllwever. th e restri c tiun s imposed by thi s prin ciple are automat icall y sa ti sfi ed in th e one-dime ns ional problem con s ide red
Notation
The symbols use d are the same as th ose used in reference [11] except for the symbol K rep resentin g th e spring constant.
initial density of the string in mass per unit le ngt h. spring constant of the string in force units. dimensionless parameter havin g a value between 0 and 1 s uc h that AK is th e sprin g constant of the Maxwell element constituting one branch of the viscoelastic model. relaxation time of the Maxwell ele me nt. velocity of the longitudinal wavefront as give n by e q (1); for the three-element model it is given byc=YK/m. tension in the string in force units. velocity related to the propagation of tran sverse waves as given by eq (2). transve r se impact veloc ity. time coordinate. Lagrangian space coordinate fixe d to the string. laboratory or observer's coordinates to be referred to as horizontal and vertical coo rdinates, respect ively; the x and x' coordinates of th e string coi ncide in the initial un s train e d state. horizontal and vertical co mponen ts of displacement of a point x on th e s trin g r elative to its original position:
u , v horizon tal and vertical compone nts of velocity in x', y' space of a point x on the strin g: 
angle that eac h infinitesimal length element makes with the horizontal x' direction:
fl ow OJ particle velocity of a point x on th e strin g with respect to a n inextensible coord inate co in ci din g with th e st rin g and fix e d to it a t points in advance of th e lon gitudinal-wave front; that is, th e rate of exte nsio n of th e portion of s tring be twee n point x and th e longitudinalwave front. This velocity satisfi es the diffe re nt.ial equation:
+E +E
Formulation
The viscoelastic model consists of a spring of spring constant (1- ax at (10) (11)
(13) (14) We shall consider only the waves propagating in the positive x direction. The solution therefore of th@ set of eqs (7), (9), and (10) through (14) must satisfy the initial conditions:
and the boundary conditions: for t > 0,
and for t > 0, x ~ 00
U=V=W=f3=E= T=O, a= 1.
In addition to the initial and boundary conditions, certain compatibility conditions also apply.
At the longitudinal wave front E , w, and T are discontinuous and must satisfy the jump relations
where the bracketed quantities represent jumps in value occasioned by the passage of the wave front at the point under consideration . At the transverse wave front u , v , a, f3 , are discontinuous and must satisfy the jump relations 
Explicit Method of Solution
Th e variables u, v, a, {3 can be e limin ated from eqs (7), (9), and (1) throu gh (14) to obtain th e equation s aw 1 aT
ax at
These equations and the constitutive eq (10) form a se t having characteristics given by
and dx = O dt .
(25) Thus, the s train E, te ns ion T, and particle veloc ity w ca n hav e di sco ntinuiti es only along th e c haracteristic c urves x = ± ct + a, and x = b, in whi ch a and b are constants of integration. In partic ular, E, T, and ware discontinuous at the longitudinal wave front , but are co ntinuous at th e tran s verse wave front.
The followin g equation s hold alon g th e c ha racte ri s ti cs: For the " +c" characte ri s ti c
,.
for the "-c" c haracte ri s ti c for th e "x = b" c harac teristi c
Equation (28) is the same as the constitutive eq (10).
(27)
The values of the strain, tension, and particle velocity at the longitudinal wave front can be found by solving the set of equations (18), (19), and (26). The results are (31) wh ere Eo is the strain dO, 0) res ultin g at th e in stant of impact. T o find th e valu e of Eo, th e co mpatibility condition s (20) and (21) are ex presse d in the form
U=W+ P(l+E-a)

(32)
v=-P{3 (33) in which the values of u, v , a, and {3 are understood to be the values obtained just after passage of the transverse wave front , and the continuous quantities P, E, and ware also evaluated at the wave front. Applying the boundary conditions (16) to eqs (18), (32), and (33), and using eq (7), one finds that at the point of impact the relation V2 = P~ (l + Eo) 2 -[(l + Eo) Po -CEo)2 must be satisfied.
From eqs (2), (18), and (19), one obtains Po = cY Eo/ (1 + Eo) which, when s ub stituted into the rela· tion above, gives
The value of Eo is obtained by solving eq (34).
If velocity P is defined as in eq (2), it is obvious that eqs (11) through (14) form a set involvingP and the dependent variables u, v, a, and {3. This set of equations has characteristics given by dx=+p dt<ill;:;' along these characteristics the following relations hold: For the " + P" characteristic,
and for the "-P" characteristic,
The solution of the system of equations (7), (9), (26), (27), (28), (36), and (37), is found by numeri· cal integration along the set of characteristics plotted in the Lagrange diagram, figure 1. In this diagram the straight line characteristics are solutions of the equation dx/dt = ± c; the characteristic passing through the origin, and having the equation x = ct corresponds to the discontinuity marking the wave front of the strain, tension, a·nd particle velocity distributions. Thus, in region 0 between this characteristic and the x axis the strain E, tension T, and particle velocity ware zero. Along the region 1 side of the characteristic the values of E, T, and ware given by eqs (29), (30), and (31), which may be thought of as boundary conditions. The curved line passing through the origin represents a solution of the equation dx/dt=P.
Th e exact course of this characteristic is not known in advance, as P is a function of E and T. This characteristic corresponds to the front of the wave of transverse motion that propagates along the filament; thus, in region 1 between this characteristic and the characteristic x = ct the velocity u is equivalent to th e velocity w, the variable a is equal to 1 + E, and the velocity v and variable {3 are equal to zero. The jump relations (32) and (33) holding along the transverse wave front constitute a seco nd set of boundary conditions. A third set of boundary conditions expressed by eq (16) holds along the time axis.
Calculation of values for u, v, w , a, {3, E , T at the mesh points i;: the Lagrangian diagram (using fig. 1 as an example) proceeds systematically in the following steps:
1. Calculate Eo using eq (34). 2. Calculate w, E, T for mesh points along the characteristic x=ct, using eqs (29), (30), and (31).
3. Calculate w, a, {3, E, T at point 1, and u, v, w, a, {3, E, T at point 2 using a subroutine to be described later. Mesh situations encountered during integra· tion along the characteristics plotted in figure 1.
Five mesh situations depicted in figure 2 are encountered in the numeri cal integration process.
The simplest of these is that of figure 2c. Here, points 1 and 5 lie at the intersec tion s of c characteristics, and the characteristic between points 2 and 4 may be either a c or a P c haracteristic; In th ese equations the symbol T15 , for example , represents the average value of (TI + T)/2. In th e first trial calculation TI5 is set eq ual to TI ; the calculation is repeated twi ce using improved values of T15 • Figure 2a depicts a situation found in mesh es low on the t axis. In the lowe st mes h th e transverse wave front characteristic passes through the origin so that points 1 and 2 coincide, but at later times the more general form depicted may occur. Values of u, v, W, 0', {3, E, T, x, and t at point 6 and w, 0', {3, E , and T at point 7 are required. The large set of equations involved is most conveniently solved by an iterative process in which it is assumed initially that the value of w at point 7 is equal to the value of w at point 1. This enables E, and T at point 7 to be calculated using eq (28) along the time axis (1, 7) and eq (27) o.~ong characteristic (4, 7) (segment (6, 7) in subsequent iterations).
The transverse wave front characteristic is constructed with slope lIP evaluated flOm point 2 data. The vertical line (3, 6) and the characteristic (5, 6) are then constructed and values of w, E, and T at points 3 and 5 deter mined by interpolation. Values of w, E, and T are calculated at point 6 usin g eq (26) along (5, 6), eq (27) along (4, 6) , and eq (28) along (3, 6). Values of u , v, 0', and {3 are found using eq (36) along th e transverse wave front characteristic (2, 6) and the compatibility relations (32) and (33) plus eq (7) applied at point 6. Characteristic (7, 8) is th e n constructed with slope (-lIP) evaluated from point 7 data. The values of 0' and (3 at point 7 are found by applying eq (37) along (7,8) and eq (7) at point 7. Th e iteration cycle is completed by finding w at point 7 through use of eq (9) along lin e segme nt (6 , 7). Improved values of the required quantities are obtained by ite rations which are co ntinu ed until successive values of w at point 7 are found to differ by a suffi- . Valu es of u, v, 0', and {3 are found using eq (36) along (3, 7) and applying the co mpatibility relations (32) and (33) plus eq (7) at point 7.
Si tu ation 2d occ urs when values of u, v, 0', and {3 at point 6 are calc ulate d from data known at points 1, 3, a nd 5, a nd from values of w, E, and T at point 6. Th e c harac te ri sti c be twee n points 3 a nd 5 may be e ith e r a c c harac teri sti c J r th e tran s ve rse wave front c haracteri sti c . In this case, eq s (36) and (37) a re appli ed respectively along th e con s truc t ed P c haracte ri s ti cs (2, 6) and (4, 6) , eq (9) is appl ied along th e c c harac te risti c (5, 6) , a nd eq (7) is applied at point 6.
In situation 2e values of w, 0', {3 , E , and T a t point 4 on the time axis are calculated from data a t points 1 and 3 on a c c haracte ri sti c. In the solutio n of thi s proble m, eq (28) is applied along th e tim e axi s, eq (37) along the co nstruc ted P c harac teri sti c (2, 4), eqs (9) and (27) along th e c characteris ti c (3,4), and eq (7) at point 4.
"f,
In ord er to find the co nfiguration of the filam e nt in laboratory (x', y') coordin at es, it is des irable to know th e values of ~ and 1] at eac h of the mes h points in th e Lagrange diagram . Along th e longitudin al wave front the values of ~ and 1] are zero, and along the tran sverse wa ve front th e value of 1] is zero. Th e value of ~ is co ntinuous acros s the tran s ve rse wav e front. In region 1 th e value of 1] is zero and the value of ~ is found in te rm s of wand E by integrating along a negative c characte ri s ti c us ing th e relati on !Jg= a~ + dx il~ dt at dt ax whi c h becom es, after appropriate subs titution s d~= (w-cE)dt. In region 2, ~ a nd 1] are found by integrating along a negative c c harac te ri sti c us ing th e relations
Errors in a Previous Solution
T he sc he me just prese nted has bee n outlin ed in more than th e us ual de tail b ec au se it avoids several e rrors occurrin g in a previous soluti on [11] . Most of th ese errors were due to improper use of eq (9). It s ho uld be noted th a t eq (9), upon s ub stitutio n of th e boundary valu es for u and v at x= 0, redu ces to the relati on (aw/ilt):r=o= 0. This impli es erron eously that w is con stant along th e time ax is. The mi s take occurs because in thi s application of eq (9) w has bee n e xpressed relative to a coordinate sys te m fixed to th e s trin g a t the point of impact, but the value of w des ired is th a t relative to a sys te m fixed to the s tring at poi nts in advan ce of th e strain wave front. A similar error res ults if eq (9) is applied along the tran sverse wave front c harac teri sti c.
Another erroneo us result is obtained if, in situa tion 2e, e q (9) is appli ed along the ne gative P c ha rac te ri s ti c to find th e value of w at point 4. In thi s example th e value of w at point 2 is obtained by interpolation be twee n values at points 1 and 3. Thus, th e relation (9) is s plit into tw o co mpone nts one of which is applied along th e t axis. situati on 20 provid es a similar opportunity to make thi s mi stake.
1 '--Equation (7) ca n be expressed in the diffe re ntial form ada + f3df3 = (1 + E)dE (45) which is more convenient for calculation. Its use in thi s form, how e ve r, is unn ecessa ry , a nd produces a s mall cumulative error.
If eqs (36) and (37) are combined with eqs (9) and (45), the following relations are obtai ned along the "+ P" characteristics:
and along the "-P" c haracteri sti cs : Howeve r, th ese relations, used previously [11], have yielded inacc urate and ofte n e rroneo us results. They are, for in stance, invalid along th e tran sverse wave front c haracteris ti c when used in co nn ection with eq (7) or (45), and invalid along the "-P " c haracteri sti c in situ a ti ons 2a and 2e. In situation 2d eqs (46) through (49) have yield ed inacc ura te res ults, especiall y in th ose mes hes involvin g the transve rse wave fro nt c ha racte ri sti c.
Coupling Between Longitudinal and Transverse Waves
It is interestin g to note that of the two wave phenomena present, th e lon gitudinal wave I S described in terms of th e quant iti es E , w, and T, and th e transverse wave in ter ms of the quantities U, v, a, a nd f3 . It has bee n s hown th a t th e diffe re nti al eq uati ons describin g th e proble m ca n be red uced to a set involvin g w , E , a nd T only; thus, it would see m th a t values of w, E, a nd T co uld be fo und separately , a nd in a seco nd ste p values of u, v, a, a nd f3 found in te rm s of th e m. U nfortunately, however, the boundary co nditi o ns are exp ressed in ter ms of th e variables u a nd v so that in ge neral thi s deco uplin g is imposs ibl e. 4 From a phys ical point of view th e e ffec ts of co uplin g be twee n the variables describing th e the longitudinal and transv erse waves can be describe d as follows: Changes in th e s train, tension, a nd particle velocity distribution s due to viscoelasticity induce changes in th e confi guration and propagation velocity of the transverse wave which react bac k to modify th e strain , te nsion , and particle velocity di stributi o ns. Thu s, the vis coelastic effects can be co nside red as both primary a nd seco ndary.
Th e di stribution s resulting fro m the primary effec t, are the same as those res ultin g from a I' lo ngitudinal impac t at co ns tant velocity, in whic h the strain inc reases, the te n sion decreases, a nd th e particle velocity s tays co nstant at th e point of impac t. In th e seco ndary or co uplin g effec t th e particle velocity at th e point of impact c han ges with tim e, and assoc iated c han ges occ ur in th e s train, te ns ion , a nd particle velocity di stribution s. If viscoelasticity is a bse nt , as when the co nst itutive eq uati on is of form T = T(E), and if transverse impac t occ urs a t co nsta nt ve loci t y, o nl y th e primary e ffec t is inv olved , a nd no c hanges occur in the longitudin al a nd tra nsverse waves. In this case th e problem may be co nside red as e ffec tively deco upled.
Implicit Method of Solution
In the method of solution discussed above, explicit systems of equations are used to evaluate the unknowns at successive points in a characteristics network. Alternatively, values of the un· knowns at points, along the string can be calculated simultaneously by the following algorithm, based on an implicit finite·difference formulation for nonlinear wave propagation problems [13] .
In order to simplify the calculation, the mathematical problem is reformulated in terms of the five unknowns u, v, a, f3, and T. The two additional unknowns, E and w, are defined by eqs (7) and (9), and can be found separately. The equations are the same as those used in the first method; namely, eqs (26) and (27) holding along the ± c characteristics, the constitutive eq (28), and eqs (36) and (37) holding along the ± P characteristics, except that the variables E and w have been evaluat ed in terms of the variables u, v, a, and f3, and do not appear.
The mesh system used is depicted in figure 3 . As before, there are three regions of interest: region 0 for points in advance of the longitudinal wave front, region 1 for the portion of the longi· tudinal wave in advance of the transverse wave front, and region 2 for points within the transverse wave. The differential equations have different forms in regions 1 and 2. In region 1 there are no P characteristics and the variables v and f3 are both equal to zero; thus only eqs (26), (27), and (28) with a -I substituted for E and u substituted for ware used here. The more general forms of the equations with Ya 2 + f32 -1 substituted for E and (adu + f3dv) /Ya 2 + f32 substituted for dw are used in region 2. Along the longitudinal wave front the values of u, a, and T are found from eqs (29), (30), and (31) by substituting a-I for E and u for w, and along the t axis the values of u and v are given by the boundary condition (16). Along the transverse wave front characteristic four com· patibility conditions are needed. These are: The 1 x in cre men ts of the me sh are co nstant in n' g: ion 2. The ~-ilH:remt:nts in re"io ll J alltl j,{ increme nts in re~ion s 1 and 2 a re variahlt'. d~'pt:'ntlilll! un Ih~ val ue of the ve locit y P at th e transve rse wav e front.
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(50) (50) and (51) are the sa me as the compatibility conditions (20) and (21) , and eqs (52) and (53) me rely state mathematically that the tension and strain are continuous across the transverse wave front as was s hown earlier in the text. Alternatively, eqs (52) and (53) may be obtained by equating horizontal and vertical components of the force across the transverse wavefront [3] or by the matrix me thods expounded by Jeffrey and Taniuti [14] . In the mesh system the distance increme nt ~x is maintained constant in region 2, and a variabl e time increment is defined as ~t = ~xl P where P is the transverse wave front velocity averaged between points (x, t) and (x + ~x , t + ilt). In region 1 the distance increment depends on the value of P and thus is variable also. The value of P as a function of x and t is not known in advance, so the mesh system can only be constructed in stages as the calculation proceeds. The calculation is carried out in a seri es of timewise steps in which the values of u, v, a , {3, and T at each mesh point corresponding to t + ~t, are found in terms of values of these quantities known at each mesh point corresponding to time t. In the calculation each of the timewise steps is iterated several times in order that th e traj ec tory of the transverse wave front (and value of P) be known with sufficient accuracy. This alternate formulation has several advantages. A fundamental set of equation s is use d in which the number of unknown s is eq ual to the number of relation s holdin g along the characteristics.
This set of five equations in u, v, iX , {3 , and T is well posed for th e prescribed initial and boundary condition s. Moreover, impli cit s c he mes of this type are known to be s table a t large values of time. Ordinarily, implicit sc he mes do not require small time steps in r egions where the c haracteri s tics are nonlinear , but in thi s application the presence of a movin g bo undary of unkn ow n c urvature (transverse wave front c harac te ri s tic) may limit thi s latte r advantage.
Calculated Results
Th e explici t method has bee n used to calc ulate the behavior of the viscoelastic string for variou s values of th e paramet ers A, m, c, and T c haracterizing the model and for various values of the transverse impact velocity V. The res ults for one of th ese calc ulation s with parame te rs A = 0.2 , m= 100 gm-I , T= 0.002 s, c= 100 ms-I , and V= 50 ms-I are prese nted h e re. Th e values chos en for the parameters roug hly simulate the material properties of an elastomer s uc h as rubber when subj ec ted to tran sver se impac t.
The di stribution s of the particle velocity, s train, and te nsion calc ulated in thi s example are s hown in figures 5,6, and 7, respectively . The ordinate in fi gure 5 is a dim e nsionle ss quantity, the ratio of the particle velocity at a Lagrangian di stan ce x along the string to th e particle velocity at the instant of impact, w/wo. The distribution of particle velocity in the wave is shown by th e solid line curves for time s of 1, 2, 3, 4, and 5 ms after impac t. The dash ed lines indi cate th e velocity di stribution for the case of no relaxation (A = 0). Th e di stributions are si milar to those res ultin g from longi tudinal impac t at constant velocity [10] exce pt that in thi s exampl e th e particle velocity at the origin increases with tim e slightly, whereas in the case of lon gitudinal impac t it necessarily remai ns cons tant. Thi s illustrates th e e ffect of couplin g be tween the longitudinal an d transverse waves wh en viscoelasticity is present.
The dime nsionless ordinate in fi gure 6 is th e ratio of th e strain at a di s tan ce x to the strain at the in stant of impact , E/Eo. Th e di s tribution s depicted are similar to those resulting from lon gitudinal impact at cons tant velocity. Th e s trai n at the point of impact in creases with tim e and approaches a limitin g value, but this limiting value is greater than the valu e of Eo(l-11.)-1/2 = 1.1l8Eo which is .001 sec .002 .00 3 .004 .005
F IGU RE 6. Distribution of strain along the string f or times of 1,2,3,4, and 5 X 10-. 1 s after transverse impact. Ca lcu lation pa ra me te rs are A = 0.2. m = 100 ~m -l. c= 100 Ill S -I, T= O.002 s, a nd V= 50 rn s -L. Dash lin es give di stri bu t ion s for an e las tic siring (-'= 0). The s tra in is ex pressed as th e rat io of th e s tra in E a l d istan ce x to th e s t ra in Eo all a ine d a t t he ins tan t of impa c l. 
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DIS TANCE, em (LAGRANGIAN COORDINATES) d istribution s for a n e lastic string ().. = 0 ). The tensiull is ex pressed as th e ra tio of th e te nsion l' at di st a nce x to th e tens io n To a ttain ed at th e in st a nt of impacl.
attain ed in the case oflongitudinal impact [10] . The te nsion di stribution s at variou s tim es afte r imp act are de picte d in figure 7 . Th ese di stributions also are similar to those res ultin g from longitudinal impac t at constant velocity. The te nsion at the point of impac t decreases with tim e a nd approac hes a limiting valu e whi c h is less than the value of To(l -,\ ) 1/2 = O.894To a ttai ned in th e case of longitudinal impac t.
The values of particle velocity, strain, and tension attained at the instant of impact are -27.50 ms -1, 0.2750, and 2.750 X 10 2 N. The initial value of the Lagrangian transverse wave front velocity is 46.44 ms-I but after 5 X 1O-3 s it slows to 44.00 ms-I . To an observer in the laboratory (x', y' system) the initial velocity is (l + Eo)Po + Wo = 31. 71 ms-I and after 5 X lO-;]s the wave front has traveled a distance x' = x + g = 0.1525 m. If the wave front had traveled at the initial velocity, it would have gone 0.1586 m. At the in stant of impact the slope of the transverse wave, tan ()= {3/a , is equal to -1.577, but after 5 X lO-:3 s it decreases to -1.646' at the point of impact and -1.627 at the transverse wave front. Thus, th e wave slows down as it propagates and gets sli ghtly steeper and becomes slightly c urv ed. Howe ve r, for this calculated example these secondary coupling effects are s mall and would not be easil y di scerned by an observer in the laboratory.
Summary and Conclusions
This pape r has described two methods for calculating wave propagation effects in a linearly viscoelastic string subjected to transverse impact at constant velocity. Results hav,e been presented for a calculated example.
Viscoelasticity exerts both primary and secondary effects on th e distributions of stress, strain, and particle or flow velocity along the string that res ult from constant·velocity transverse impact. Th e di stributions res ulting from the primary effe ct are the same as those resulting from a longitu· dinal impac t at constant velocity, in whi ch the strain increases, the tension decreases, and the particle velocity stays constant at the point of impact. In the secondary or coupling effect vis co· elastic relaxation causes the particle velocity at the point of impact to inc rease with time, and associated c hanges to occur in the strain, tension , and particle velocity distributions.
The secondary e ffect also causes the transverse wave front to propagate at a gradually decreas· ing velocity. In addition , the transverse wave profile gets steeper and b eco mes gradually curved.
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